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Turbulent transport of fluctuating turbulent energy, turbulent momentum flux,
temperature variance, turbulent heat flux, etc. in the upper part of the atmospheric
boundary layer is usually dominated by buoyant transport. This transport is respon-
sible for the erosion of the overlying stably stratified region, resulting in progressive
thickening of the mixed layer. It is easy to show that a classical gradient transport
model for the transport will not work, because it transports energy in the wrong
direction. On the other hand, application of the eddy-damped quasi-Gaussian approxi-
mation to the equations for the third moments results in a transport model which
predicts realistic inversion rise rates and heat-flux profiles. This is also a gradient
transport model, but like molecular transport in solutions, a flux of one quantity
depends on gradients of all relevant quantities. Transport coefficients are modified by
the heat flux, so that the vertical transport is severely reduced near the inversion base.
A simple Lagrangian model of transport of an indelible scalar in a stratified flow indi-
cates that the form of the modified transport coefficients results from a marked aniso-
tropic change in the Lagrangian time scale in stratification.

1. Introduction

In an atmospheric boundary layer both buoyancy and wind shear are usually im-
portant, but not in the same place. The wind shear is more intense near the surface and
falls off strongly with height, while the buoyant forces decrease only slowly with
height. If we consider, in particular, a situation typical of early daytime, with both
wind and radiant surface heating, producing a surface mixed layer eroding pro-
gressively a capping inversion, the wind shear will dominate in the lowest part, where
the buoyancy can be neglected, while the wind shear may be neglected in the upper
two-thirds (Lumley & Panofsky 1964, p. 74). Again, in the inversion base the abrupt
fall-off in vertical transport will usually produce a sharp local wind shear. In the
majority of the mixed layer, however, it is buoyancy which is responsible for trans-
porting the variances and fluxes of temperature and momentum to the upper part of
the mixed layer, and for the erosion of the inversion, which results in the rise of the
inversion base. .

Figure 1(a) shows thevertical distributionof vertical variance and turbulent energy
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FIGURE 1. (a) Observed profiles of turbulence quantities in buoyancy-driven mixed layers

(Zeman 1975). (b) The flux r}z_ua and —6(q2_u3)/6:vs as calculated by a scalar transport model
(Zeman 1975).

in a convectively driven atmospheric mixed layer, together with the vertical fluxes of
vertical variance and energy and the divergence of the flux of turbulent energy (from
Zeman 1975). The vertical turbulent transport of turbulent energy must remove turbu-
lent energy from the region near the surface and transport it to the vicinity of the
inversion base. In figure 1 (b) we see the form of the divergence of turbulent energy flux
which would be produced by a gradient transport model. Energy is now removed from
the centre of the layer, and only a fraction is sent up to the inversion base, the remainder
being sent down to the surface. Thus a layer powered by a gradient transport model
cannot behave properly, and in fact the rise of the inversion base is very poorly pre-
dicted, while the vertical distribution of turbulent energy is wildly in error.

The failure of a gradient transport model is, of course, not surprising. The reasons
why gradient transport models are not appropriate for turbulence have been exten-
sively discussed (Tennekes & Lumley 1972, pp. 42-50; Corrsin 1974). Summarizing,
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gradient transport models assume that the length and time scales of the turbulence
are small relative to the length and time scales of the mean motion; that is to say, that
there is a spectral gap (Lumley & Panofsky 1964, p. 43). This, of course, is rarely the
case in a turbulent flow, where the length and time scales of the turbulent motion are
usually of the same order as the length and time scales of the mean motion. Neverthe-
less, there are situations where gradient transport ideas should work; these are situa-
tions in which there is locally only one length and time scale in the flow, so that the
flux must be proportional to the gradient (and to anything else which has the same
dimensions). Since we do not expect that a buoyancy-driven mixed layer will have this
simple property, we should not expect a gradient transport model to work.
Nevertheless, in what follows we shall present a technique for constructing a more
sophisticated gradient transport model, which does work. We may consider that
gradient transport ideas are an outcome of a kinetic-theory approach to turbulence. In
a buoyancy-driven mixed layer we have a number of quantities which must be trans-
ported (the variances and fluxes); these would play the role of different species in a
kinetic-theory approach. We know that molecular transport in salt water, for example,
involves a heat flux proportional not only to a temperature gradient, but to a salinity
gradient as well (the Dufour effect), while the salt flux is proportional not only to the
salinity gradient, but also to the temperature gradient (the Soret effect; Bird, Curtiss
& Hirschfelder 1955). If the variances and fluxes in the turbulent situation play the
role of species, we may expect that the fluxes of these quantities will involve gradients
of all of them. Indeed, a combination of functional and dimensional analysis and
invariance theory suggests this (Lumley & Khajeh-Nouri 1974). We shall find, in
addition, that there are specific modifications to the transport coefficients by buoyancy.

2. The eddy-damped quasi-Gaussian approximation

Although Lumley & Khajeh-Nouri (1974) suggest a number of different terms
which may be present in buoyant transport situations, they all appear with unknown
coefficients, and existing experiments are not adequate to determine all their values
unambiguously. We need a simple, consistent physical model to do this. Hanjali¢ &
Launder (1972) have suggested a procedure which produces workable equations in the
non-buoyant case. They take the equations for the third-order quantities (fluxes of
variances and fluxes), neglect convective derivatives, dissipative terms and terms
dependent on the mean velocity gradients (all of which can be shown to be about an
order of magnitude smaller than the terms retained), replace the fourth-order products
which appear explicitly by their quasi-Gaussian form (Monin & Yaglom 1971, p. 233),
but replace the pressure correlations, which are integrals over fourth-order products,
by relaxation terms, i.e. the third-order term divided by a time scale. Although Han-
jalié¢ & Launder do not refer to it by name, the last procedure is essentially the eddy-
damped quasi-Gaussian approximation discussed by Orszag (1970). In discussing the
failure of the classical quasi-Gaussian approximation, he points out that there is
insufficient damping owing to nonlinear interactions and that the spectral transfer
produced by the application of the quasi-Gaussian approximation everywhere is
reversible, and results in oscillatory behaviour. Representing the pressure integral by
an irreversible damping term removes this behaviour. Although the discussion in
Orszag (1970) relates to Fourier space, it is equally applicable to real space.
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Recently André et al. (19764, b) have presented another method for dealing with
buoyant transport situations. In this approach the quasi-Gaussian approximation
is also used for the fourth-order products which appear explicitly, but the pressure
correlations are neglected (as are the viscous terms). The resulting equations for the
third-order quantities are solved as functions of time. Inequalities for the third-order
quantities are derived from Schwarz’s inequality, and these inequalities are applied at
each time step, the third-order quantities being clipped when they exceed the bounds
given by the inequalities. The results obtained from this method, when applied to
buoyant convection, are excellent, though not superior to those we shall present. It
seems clear, however, that the neglect of the pressure terms permits the third-order
quantities to grow too rapidly, and the clipping necessary to prevent their exceeding
physically possible values is unphysically abrupt. The fact that excellent results are
nevertheless obtained suggests that the results are more dependent on whether certain
global conditions are met (in this case realizability), rather than on the details of how
those conditions are met. Certainly there are other examples of this sort of insensi-
tivity: the success of the eddy-viscosity approach to turbulence is probably attribu-
table to the fact that the correct amount of momentum is transported in a conser-
vative manner, even though the details of the momentum transport mechanism are not
correct.

Although there appears to be no proof that the eddy-damped quasi-Gaussian
approximation as used by Hanjali¢ & Launder (1972) or as used here (in an inhomo-
geneous situation, with inclusion of the rapid part of the pressure correlations, etc.)
satisfies realizability (i.e. assures that the third-order quantities never exceed physi-
cally possible values), thefact that Hanjalié¢ & Launder (1972) obtained results in which
unphysical behaviour is absent and, in particular, the excellent agreement of our
results and those of André et al. (1976a, b) suggest that this is so in some sense. Of the
two ways of achieving realizability, we prefer the eddy-damped quasi-Gaussian
because (i) it avoids the physically unrealistic clipping, (ii) it can be motivated by
various physical arguments and (iii) it leads to equations which can be given a per-
suasive physical interpretation. In what follows, we shall apply the eddy-damped
quasi-Gaussian method to buoyant transport.

For simplicity, let us agree to consider a mixed layer driven entirely by buoyancy,
with no mean velocity. We anticipate that the terms in the mean velocity would in any
case be negligible (reasoning by analogy with the case of Hanjali¢ & Launder 1972).
Our turbulence will be axisymmetric in the vertical. Let us consider first the equation

for G%u,, where 6 is the fluctuation in potential temperature and ® its mean value and
we use only the Boussinesq approximation (Lumley & Panofsky 1964, p. 59):

027‘%‘ = —(Qu;u;),; + 6%(u; u;),;+ 2%(0_%'),3' I

—20;0u;u;+ ;6
5. 0%p i
0%, i+ 2y0u, 0, ;. I (1)

Note that here and throughout we use (") to denote o( )/ot and ( ) ; to denote &( )/ox;;
v is the thermometric diffusivity and fg; is the buoyancy vector, which is directed
vertically upwards in the atmosphere and is of magnitude g/7}, where g is the accelera-
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tion due to gravity and 7} is the adiabatic temperature. By the use of the quasi-
Gaussian hypothesis applied to the energy-containing eddies, the group of terms
labelled I may be reduced to

I = —6%u,u;— 2(6u;) ;Ou,. @

The quasi-Gaussian hypothesis has been shown by the work of Frenkiel & Klebanoff
(1967a, b) to be justified in homogeneous turbulence. The existence of non-zero third
moments, of course, is evidence of a non-Gaussian distribution; the justification for the
use of a quasi-Gaussian hypothesis must lie in a perturbation expansion about the
Gaussian equilibrium state similar to that of Herring (1965). We shall find that the
relaxation time for the third moments is about 209, of the relaxation time for the
second moments; if the relaxation time for each successive cumulant were correspond-
ingly shorter, this would justify using a zero-fourth-cumulant approximation in the
equation for the third cumulant, if the overall departure from equilibrium were small.

The molecular transport term, labelled I1, may be reduced in the following way (we
shall assume for simplicity thaty = v; the case of y + v can be handled in the same way
with slightly greater complexity):

II = V(02ui),h~ — 2V(0,] 0,1 ui) - 4V(0,1 0’“1:,]'). (3)

In the second term, 6 ; has a spectrum which peaks at wavenumbers in the dissipation
range, while u, has a spectrum which peaks at wavenumbers in the energy-containing
range. There is less and less overlap between these ranges as the Reynolds/Péclet
number increases, so that the correlation between § ; and u,; will go progressively to
zero; i.e. the high wavenumber ripples in § ; will average out over an excursion of ;.
The quantity 6 ;6 ;, however, is the square of the amplitude of 6 ;; if the high wave-
number ripples in 6 ; are modulated by u,, so that their amplitude increases during an
excursion of u;, then there will be a non-zero correlation regardless of the Reynolds/
Péclet number.

The first term is non-zero only because of inhomogeneity, and hence depends on the
length scale of this inhomogeneity, which is usually the same as the integral scale
in developed turbulence; the ratio of the first and second terms is Rj!, where R, is
the Reynolds number based on the fluctuating velocity and the integral scale of the
turbulence.

The third term can be evaluated by applying the same ideas as were used for the
second. Both 6 ; and u, ; have spectra which peak in the dissipative range of wave-
numbers, and hence are not well correlated with §, which has a spectrum which peaks
in the energy-containing range. It is possible, however, that if the amplitudes of 6, ; and
;,; are modulated by 6 then the combination 8 ;u, ; will have some non-zero contribu-
tion, even though it is not a non-negative quantity. We can see, however, that this is
not so in the following way: any quantity having its energy at high wavenumbers will
not be well correlated with a quantity having its energy at low wavenumbers,{ so that
we may safely introduce a partial average over the high wavenumber components only.
Hence we may consider 6 ;u, ; averaged over the small scales. Now, this is a first-rank
tensor, and all isotropic first-rank tensors vanish. The small scales are anisotropic

t 8 and 0, appear to be exceptions, since their product 86 ,, can be rewritten as (66 ,) ,—
8,0 ,; in a homogeneous flow the average has the value —&,/v. The correlation coefficient, how
ever, behaves as R,‘*.
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owing only to the straining of the large scales, and this induced anisotropy decreases
as the Reynolds/Péclet number increases. Thus we may expect this small-scale-
averaged local quantity to be less and less dependent on the anisotropy of the large
scales, and closer and closer to zero, as the Reynolds/Péclet number increases, some-
thing which was not true for 6 ;6 ;, which is non-zero even when isotropic. Thus the
third term will go to zero as the Reynolds/Péclet number increases.
Hence we are left finally with
II = — 26, u,, (4)

where ¢, = y0 ;6 ;. Hanjalié & Launder (1972) presumed incorrectly that the viscous
contribution would vanish at infinite Reynolds/Péclet number: however, it may be
neglected in some cases, as we shall see later.

The pressure term IIT may be separated (following Chou 1945) into a ‘rapid’ part
and a ‘return-to-isotropy’ part (see also Lumley 1975). That is, we may take the
divergence of the instantaneous equation for the velocity, which gives

u; %, = —Viplp+ B0,
by use of the incompressibility condition. We may define two pressures:

0=-VpDlp+4,0;
and

Uy, 5%, = — V2p®)p,
where p = p? 4 p®. We refer to p¥ as the ‘rapid’ part, because it corresponds in
principle to the pressure appearing in rapid-distortion theory (Batchelor & Proudman
1954); i.e. to the neglect of the nonlinear term. Here, of course, it is necessary to gen-
eralize rapid distortions to include rapid application of a gravitational field (see Gence
1977). The second term p® we refer to as the ‘return-to-isotropy’ part, because it
contains the effect of the nonlinear mixing of the turbulence by itself, which tends to
make the turbulence more isotropic (Lumley & Newman 1977). This division is some-
what artificial, of course, since the rapid part also tends to return the turbulence to
isotropy under some circumstances.

Taking Fourier transforms, for a homogeneous field we find

—pD 62p = -ﬂifm"i Kyfx%) dn (5)

for the rapid part; # and &2 are respectively the Fourier transforms of 6 and 62, and
the asterisk indicates the complex conjugate. The integral is over the entire wave-
number space, and x is the wavenumber vector. We want the simplest possible expres-
sion for this part. Since we are considering a near-equilibrinm situation, almost homo-
geneous and almost isotropic, to correspond to the almost-Gaussian assumption, it is
natural to take the isotropic value of this term. If we write

Gy = [06°*(x; /) dn (6)
we have G;; = G,; and @,; = 3. If G, were isotropic, we should have G, = 46%;, for
—pP OPlp = —1p,6° (7)

for the rapid part. For the return-to-isotropy part we shall take
—pZlp = —Pu,|T s, (8)
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where i eTyisa time scale proportional to ¢2/¢, € being the rate of dissipation of ¢ ,where

= uu,. Zeman (1975) finds the factor of proportionality in 7 to be about 0-1. This
compares favourably with the value of 0-07 used by Hanjali¢ & La,under (1972) in the
mechanical case, when consideration is taken of their neglect of pressure transport.
Equation (8) is the eddy-damping assumption, introducing an irreversible relaxation
of G2u;, where 7 is the relaxation time.

The smallness of the coefficient of proportionality between 7 and ¢?/¢ permits the
neglect of (4). That is, if we presume that 62 and ¢, are well correlated, which we should
expect from the analysis of small-scale intermittency (see, for example, Monin &
Yaglom 1975, p. 584), then we can write

€ott; ~ O%u, €5)02. (9)

Crude physical reasoning suggests that E;/O-z_ o¢ €/¢q? with a coefficient of order unity
(see Tennekes & Lumley 1972, p. 95);i.e. that the rate of transfer of 82 stuff across the
6 spectrum is determined by mixing by the energy-containing eddies. A more careful
examination of the ratio of these time scales will appear in Newman, Launder &
Lumley (1977) and Warhaft & Lumley (1977). For our purposes, however, we need
know only that the coefficient is of order unity; then (9) is of the same form as (8), but
nearly an order of magnitude smaller.

If we agree to consider slowly changing situations, so that the time derivative may
also be neglected (again relative to the relaxation term, so that the slowness of the
change need not be too great), we have

0_?; u; Uy + 2(70_ui—),j 0._u; —Pu,| T+ 36%28, — 20 ;0u;u;. (10)
In exactly the same way, the equation for #° may be reduced to
©,; 0%, + 6% Ou; = — 2%,/6". (11)

Here the molecular transport term may not be neglected, since there is no pressure term
with which to compare it. If this is substituted in (10), we obtain

6% (u; us + B; Bu; %[3¢5) + 2(6uy),, Oy L

Two things are evident: (i) the development of a corrected transport coefficient for
6%, which we shall find to occur everywhere when we have obtained equations for all
the third-order quantities, and which we shall discuss at that time; (ii) the develop-
ment of a reduced time scale for vertical transport in the inversion. If the mean
temperature gradient is vertical, we shall have an (inverse) relaxation time for vertical
transport

1/ + N?62[3¢,, (13)

where N is the Brunt—Viisild frequency. N is positive, of course, in an inversion
(corresponding to stability), so that the time scale for vertical transport is corres-
pondingly reduced, relative to that for horizontal transport.
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Equation (12) contains another transport term, fu; u, u;, and we must write down the
equation for it. The same principles may be applied, the only complication arising
with regard to the rapid part of the pressure correlation:

(PD O+ DR O = — B, [ (05, /) + 0 (o 2)] . (14)

If we designate the first half of the integral by G, then we have G,; G, = and
Gy = 6%, In addition, if the field is homogeneous we have G,;; = 0. This may be

obtained from (62u,) , = 0 = 266 ; u,, which implies «; 0ut = 0. If we now assume
that G,;; may be expressed as a linear combination of the vectors 6%u;, we obtain

Gy = %3110 Uy, — (311:0 U; +3zk0 %), (15)

so that the equation for fu, u; u; becomes

O 5w, uyuy, + (Ouy), 5 uyuy,+ (517,:), $U U+ (U Ug) 4 5@7;
= — Ou; ug T3+ 85 By 0%+ o(Br O2u;) + B, 6%uy,) — 231'1‘:;42_0/3-4—2- (16)

Some of the viscous terms may be neglected relative to the relaxation term, but
some may not. Note that we are using the same relaxation time 7, i.e. assuming that
all third-order quantities relax at the same rate. We now have another term appearing,
u; u; Uy, and we must write down an equation for this. Again, we obtain an integral
representation for the rapid part of the pressure correlation, and assume that it may be
represented as a linear function of fu,w, applying the various symmetry and in-
compressibility requirements, but we find one requirement too few to determine all the
coefficients. It is necessary to introduce an appealing, but difficult to justify, assump-
tion to make the form determinate. Specifically, if we define
Goim = J.aul:,'\l’?(’(p K;[K?) dx,

? (17)

-\
u¥ (K, k;/k?) dx,

Hm'kl = fﬁu

we assume that G;q = §(H,;5+ H, ). This is convenient because an incompressi-

bility condition can be applied to H,,, but not to G,,;,;. We obtain for u; u;u,

(), g+ (g W), Uy U+ (Ug ), 0y, U

= = U, U T3+ 5(B; Owy ty + B, Oy wy+ B 0w uz) + 15831, B Oy g
+ 8 Bp Ouy wy+ g B, Oty u) — 25(3¢qu’“1 + 83 q%uy + 6lk-q—2_"71')/3q_é- (18)

There are surely other assumptions as appealing as (17). For example, Zeman (1975)
has a very approximate technique for deriving forms for all the buoyant terms in
these third-moment equations. In the equation for u, our form gives L2 0u? while his
gives 1340u?; in the equation for uZug ours gives % 80uZ + {4 80u% while his gives }40uZ.
In the absence of a definitive assumption that can be justified physically, itis comforting
to find that physically reasonable assumptions give results that are not very different
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from one another, and that the differences do not appear to be very significant, since
the results of computations with either of the above forms are quite similar.
Similarly, some of the viscous terms can be neglected, and some cannot.
This set of equations (12), (16) and (18) is now closed, and can in principle be solved
for the third-order fluxes. For the particular case of a vertically axisymmetric
buoyancy-driven mixed layer, we Iilay write the equations in matrix form:

+20°

1/T3+ BO'G?[3¢, 0 0 0 62w
88 11T, 4e/3¢ O 0 Bu?
- —1p %3¢ 1/, O 0’ u
0 ~¥p 0 1175 45 w?
0 %8 —T5B 2%[3¢¢ 17, utw
(62 (w? + BOwB?(3c,) + 2(Ow) Bw
2(0w)’ w? + (w?)’ Ow
= (u?) 6w : (19)
3(w?) w?
()

where a prime denotes 9/¢z and the obviously negligible contributions from the viscous
terms (those added to the diagonal elements) have been neglected.

The exact inversion of this matrix requires only stamina. An approximate inversion,
however, will serve our purpose as well. We make two approximations: first, we pre-
sume that the remaining molecular transport terms are negligible, which is justifiable
if the various components of the third-order fluxes are of approximately equal size;
second, we presume that the influence of gravity (embodied in a suitably non-dimen-
sionalized f) is weak, and we keep only terms of first order in 8. We obtain

W
utw
Gw?
2w
32,117(5%%5—%,3%) 0 34 BT I 0
70— Bw 7
o (“"37—@_) 9 AT 0
_0(9’.7?;3(—@;5—%) 0 2%0(@02_}_%/_35_3010) _2%.73
—  _Ow fwA
3 _ CAT20) 2
6.73®2B’(w2 3«73@’) 0 4.7,,@3( 27;@,3) F
(w?)’
@ )
(Gw)’
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o2 16 — — T BT,
=1 2 ()’ - 2 —
where A=1-p7%0 (360 ?_3+ 5), 2 %D(w +0w10 D ),
G2 28
—1—-B872Q’
B=1-4730 (3@,,9;+5)’
C=1-34730,
D=1—--18720 F_F.A wz_,_é__égw)
10 8 ’ 3 A3Eo :

E = 1-34730),

Zeman (1975) has generated a complete inversion, as well as an even more approximate
one; (20) is somewhere between the two in accuracy. The various multipliers 4, ..., &
have clearly been reduced to the form 1 —aN273 by the assumption that the influence
of A is small; they should all be replaced in computations by (1 +aN27§)"!. Note that

fu? is not necessary in the computation.

3. Interpretation of the buoyant transport

The diagonal terms in (20) are of exactly the form resulting from the Priestley—
Swinbank effect (1947) extensively discussed by Deardorff (1966, 1972), and produce a
counter-gradient vertical heat flux. To see this, consider a homogeneous buoyant
flow without mean velocity in an approximately steady state and modelled according
to Donaldson (1972; see also Lumley 1975):

0 ;0u; = —¢, (21a)
0 ;u;u; = —Ou;| T, + 3B, 0% (21d)
Defining .
Ty = cBle,, (22)
(21a) becomes _
6% =~ 7,0, 0u,c, (23)
which may be inserted in (21b) to give
0_'“1'_ = —%{“j“i*‘—e—‘{‘;ﬂi%m/&)} 0 ;. (24)

In fact, in this artificially homogeneous situation the heat flux cannot be against the
gradient [from (23)]; a flux divergence is necessary to produce this effect. In a stable
situation, however, when the vertical heat flux is negative, the vertical transport will
be substantially reduced.

We may construct a simple physical model which will explain the presence of the
additional terms in the diagonal diffusion coefficients of (20), or in (24). Consider
gradient transport of temperature, presumed indelible. Then we can write in a homo-
geneous field (without mean velocity)

0(X, t) = —G,i(xi_Xi(x:tlo))! (25(1)
with
p
Xy(x,tjt') = a:i+f u(X(x,t|"), ") dt",
t



Influence of buoyancy on turbulent transport 591

and

0“,’: = ®:J u{(x’ t) (xJ _XJ(X’ th))’

with u(X,8) (2; — X4(x, £[0)) = J-tui(x,t)uj(X(x,t|t”), t")dt”", (25b)
0

where we presume ¢ to be large. X(x, ¢|¢’) is the position at time ¢’ of the material point
which is at x at ¢. Now, in a flow with buoyancy, a moving parcel of fluid is subject to
acceleration due to buoyancy. We can write very approximately %, = 8,0 for the
additional acceleration. Thus a hot parcel, for example, will be accelerated upwards
until it has penetrated far enough into the gradient to reverse the temperature ano-
maly (since it is presumed to carry its temperature indelibly) and hence the vertical
velocity will be quite persistent. We are accustomed to write in non-buoyant homo-
geneous flows

J- (X, 0w (X (X, t|t"),t") dt" = w,u; T, (26)
0
which presumes that the Lagrangian integral time scale is the same regardless of
direction; this is clearly only an approximation in an anisotropic non-buoyant homo-
geneous flow, an approximation which is likely to be worse the larger the anisotropy.
In a buoyant homogeneous flow it is certainly not true. A point moving upwards will
have a much larger integral scale than a point moving horizontally. We can approxi-
mate this by considering an artificial velocity field «%(x, ') which at ¢’ = ¢ is identical
with u,(x,t). For ¢’ > t, however, u(x,t') evolves with ¢ = 0 (or with uniform tem-
perature, which is equivalent). Then we can write

X(x,tt"),¢') = u?(X(x,tlt’),t’)+ocJ-t',6’i0( X, t|t"),t")dt", (27)
¢

where « is an unknown coefficient. This is presumably correct only to first order, since
there will be a nonlinear contribution from the inertial terms. We may now form the
integral in (26):

jt (%, 6w (X(x, t]t), ) dt’
° ¢ ¢ t
= f u, (X, 8) (X(x, 80" dt’ + a3; j dat’ f w (%, 1) OX(X, 1]7), ) dt”.  (28)
0 1] t

Now, the first integral may safely be written as (26), while the second integral may be

written as
fdtf us(x, 1) 0(X(x, t]¢"), dt=—u0fdtjdt

= —WJ- (t—7)p(—T)dr. (29)
0

Now the correlation coefficient p( —7) will have zero integral, since u, is stationary and
0is the derivative of a stationary quantity (Tennekes & Lumley 1972, p. 216). Thisis a
necessary condition for the integral in (29) to have a finite limit. We expect the limit to
be negative; this can be seen if we make a simple non-mixing model of the motion of
the parcel of fluid in a temperature gradient; we obtain

p(—7) = cos 7 + (© w?{ubw) sin r, (30)
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@w
S

N
=

Mixed-layer height, A/h,

=)

1 1 | 1 1
5 10 15 20 25

Relative time, tw,/h,
Fiaurg 2. Inversion rise rates (Zeman 1975). S, is the initial value of the buoyancy parameter
V¢ ho[Tyo, where ¥, is the inversion lapse rate, h, is the initial mixed-layer height and T, is the
initial value of the characteristic r.m.s. temperature fluctuations in free convection, given by
Ow,[wey, Wwhere Ouw, is the surface heat flux and w,, = (/5‘0—17'J ho)‘}. Here hy = 200 m, w,y, = 1 m(s
and Ty = 0-15 °C.

where 4? = ©’f (treating the stable case). The coefficient ®w?/ufw < 0 in a homogen-

eous steady flow. The integral is asymptotically proportional to O'wt[u6w (the
limit is not finite here, because the form (30) does not have zero integral, since it is
without mixing). Thus we can write

—ubofy | (-1)p(=7)dr > up, T T, (31)

since the integral has the dimensions of (time)? and the coefficient of proportionality
has been absorbed in «. Hence we have for the diffusion coefficient

T {u,us+ap;u; 075, (32)

which is essentially the same form as (24).

Note that if f5 > 0 and w@ < 0, corresponding to an upward flux entering an
inversion, there is a considerable reduction in the upward diffusion coefficient

T [ +apT,wb)
since the entering parcels of fluid have roughly
¢F = (T [o) flul, (33)

(from the definition of 7, and the fact that the dissipation is roughly the production,
which is given almost entirely by fw), where fw|, is the value entering the inversion;
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Figure 3. Heat-flux profiles (Zeman 1975). S, is the initial value of the buoyancy parameter
Vi ho[Tuwo. Here by = 200 m, fwy = 0-15°C ms1, S, = 13-4 and T = twy,fh,.

at the top of the mixing region at the inversion base, the entering heat flux is approxi-
mately reversed, so that the diffusion coefficient (32) becomes roughly

_ﬂ P (Ez_g‘) (34)

if we take a = 2/3¢ and .7, = 7. Hence the diffusion coefficient is capable of going to
zero at the top of the entrainment layer, as it should.

4. Computational verification and discussion

A computation of this vertically axisymmetric buoyancy-driven flow was carried out
using second-order modelling techniques and a simplified version of (20). The details
are reported in Zeman (1975).1 Realistic inversion rise rates and heat-flux profiles

t The only difference between the results from computing with (20) and with Zeman’s (1975)
version, which is not linearized in buoyaney (though simplified in other respects), is & (negative)
value of the energy flux at the surface (see figure 5) about twice as large.

20 FLM 84
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z/h

Relative height,

Normalized vertical energy, w?/w?

Fioure 4. Predicted vertical energy compared with experimental data (from Zeman & Lumley
1976). —-@—, Willis & Deardorff (1974), case S1 (S = 90); -A—, Willis & Deardorff (1974), case
S2 (S = 200); O, A, Lenschow (1970, 1974), Lenschow & Johnson (1968); [], Telford & Warner
(1964).

(figures 2 and 3) were obtained. Attention should be drawn to the negative region of the
heat-flux profiles at the inversion base. This negative region, which corresponds to the
overshoot in the mean temperature profile, indicates that the entrainment of stably
stratified fluid at the inversion base is being correctly modelled. Since the mixed-layer
dynamics in this case are entirely dependent on the model for the third-order fluxes,
this is a strong indication that this model is broadly correct.

The material presented in figures 2 and 3 is somewhat indirect. Of greater interest
are the fluxes themselves. In figures 4 and 5 respectively we present the vertical energy
and flux of turbulent energy compared with measurements {(both from Zeman &
Lumley 1976). It can be seen that the computed values are qualitatively as sketched
in figure 1(a) and compare favourably with measurements.

Note that, although (20) is a gradient transport form, the dependence of each flux
on the gradients of several quantities saves it from the errors of the simplistic version
presented in figure 1(b). Looking at w® for example, the downward transport in the

lower half of the layer resulting from the gradient of w? is more than offset by the
transport resulting from the gradient of the heat flux.

In the statistical mechanics of mixtures, there are restrictions on the possible
values of the diffusion and cross-diffusion coefficients, Here there are also restrictions,



Influence of buoyancy on turbulent transport 595

§ T ¥ T
L
-
=
B -
=
.oh
2
4
£ .
L%
-4
o
=
-
1
—0-04 0 0-04 0-08 012 0-16

(g% +pwip)iwt, gFwiaw?
Ficure 5. Predicted fluxes of turbulent energy compared with data (from Zeman & Lumley

1976). , (3¢%w + pwjp)[wl ; other symbols as in figure 4.

corresponding to the requirement that the eigenvalues of the diffusion coefficient
matrix in (20) should have non-negative real parts. This is essentially the same re-
striction as for molecular transport; there, however, the second law of thermodynamics
is responsible, requiring that gradients should not become more steep. In the turbulent
case, stability considerations produce the same requirement. If the real part of any of
the eigenvalues of the matrix in (20) were negative, small ripples in the distribution of
any of the second-order quantities would be amplified indefinitely. From a compu-
tational point of view, it is thus essential that some restriction be placed on the values
of the coefficients in (20). There does not appear to be any convenient necessary and
sufficient condition that will guarantee that all eigenvalues will have positive real
parts. Schumann (1976) has recently shown that a necessary, though not sufficient,
condition is that all diagonal coefficients K; (no sum) be positive and that

Kji Kij < K Kﬁ:

i % j (no sum). A necessary and sufficient condition would be that all determinants of
all orders that can be formed which are symmetric about the diagonal be positive; of
course, many of these conditions would be redundant, since the classical condition is
that the uppermost determinant of each order symmetric about the diagonal be
positive (Jeffreys & Jeffreys 1956, p. 137).

20-2



596 J. L. Lumley, O. Zeman and J. Stess

This work was supported in part by the U.S. Environmental Protection Agency,
through its Select Research Group in Meteorology : in part by the U.S. National Science
Foundation, Atmospheric Sciences Section; in part by the John Simon Guggenheim
Memorial Foundation; in part by the Délégation Générale a la Recherche Scientifique
et Technique (France) and in part by the Centre National pour I’Exploitation des
Océans (France). Parts of this work were carried out while J.L.L. was on leave at the
Institut de Mécanique Statistique de le Turbulence, Laboratoire de Provence (Mar-
seille) and the Laboratoire de Mécanique des Fluides, Fcole Centrale de Lyon; the
hospitality of these institutions is gratefully acknowledged. Part of the participation
of J.S. took place during his residence at the . M.S.T. (Marseille) while a student at the
Ecole Nationale Supérieure de Techniques Avancées (Paris), under the auspices of his
parent organization; the cooperation of these groups is acknowledged with pleasure.

REFERENCES

ANDRE, J. C., DE MOOR, G., LACARRERE, P. & DU VacHAT, R. 1976a J. Atmos. Sci. 33, 476.

ANDRE, J. C., DE MOOR, G., LACARRERE, P. & DU VacHAT, R. 1976b J. Atmos. Sci. 33, 482.

BAaTcHELOR, G. K. & ProupMAN, I. 1954 Quart, J. Mech. Appl. Math. 7, 83.

Birp, R. B., CurTiss, C. F. & HIRSCHFELDER, J. O. 1955 Chem. Engng Prog. Symp. Ser. 51, 69.

Cuou, P. Y. 1945 Quart. Appl. Math. 3, 31.

CoRRSIN, S. 1974 Adv. in Geophys. A 18, 25.

DeARDORFF, J. W. 1966 J. Atmos. Sci. 23, 503.

DeArDORFF, J. W. 1972 J. Geophys. Res. 77, 5900. 5904.

DonaLpson, C. puP. 1972 A.I.A.A.J. 10, 4.

FrEnkign, F. N. & KuEBaNoFF P. 8., 1967a Phys. Fluids 10, 507.

FRrENKIEL, F. N. & KLEBANOFF, P. S. 1967b Phys. Fluids 10, 1737.

GENCE, J.N. 1977 Turbulence homogéne associée & un effet de gravité. Thése de Docteur
Ingénieur, Université Claude Bernard, Lyon, France.

Hansarié, K. & LAUNDER, B. E. 1972 J. Fluid Mech. 52, 609.

HERRING, J. 1965 Phys. Fluids 8, 2219.

JerrrEYS, H. & JEFFREYS, B. 8. 1956 Methods of Mathematical Physics. Cambridge Univer-
sity Press.

Lenscaow, D. H. 1970 J. Appl. Met. 9, 874.

LeNscHow, D. H. 1974 J. Aimos. Sce. 31, 465.

Lenscrow, D. H. & Jornson, W. B. 1968 J. Appl. Met. 7, 79.

LumiEy, J. L. 1975 Lecture notes for series Prediction Methods for Turbulent Flows: Intro-
duction. Von Kdrmén Inst., Rhode-St-Genése, Belgium.

LuMiLEy, J. L. & PaNorsky, H. A. 1964 The Structure of Atmospheric Turbulence. Inter-
science.

LuMLEY, J. L. & KHAJEH-NOURI, B. 1974 Adv. in Geophys. A 18, 169.

LumiEey, J. L. & NewMman, G. R. 1977 J. Fluid Mech. 82, 161.

MoniN, A. S. & Yacrom, A. M. 1971 Statistical Fluid Mechanics, vol. 1. M.I.T. Press.

MonNIN, A. S. & YacrLom, A. M. 1975 Statistical Fluid Mechanics, vol. 2. M.I.T. Press.

NewwMaN, G., LAUNDER, B. E. & LumiEy, J. L. 1977 Modeling the decay of temperature
fluctuations in a homogeneous turbulence. To be submitted for publication.

ORrszAG, S. 1970 J. Fluid Mech. 41, 363.

PriesTLEY, C. H. B. & SwiNBaNK, W. C. 1947 Proc. Roy. Soc. A 189, 543.

Scaumann, U. 1976 Realizability of Reynolds stress turbulence models. Submitted to Phys.
Fluads.

TELFORD, J. L. & WARNER, J. 1964 J. Atmos. Sci. 43, 539.



Influence of buoyancy on turbulent transport 597

TeENNEKES, H. & Lumiey, J. L. 1972 A First Course in Turbulence. M.1.T. Press.

WARHAFT, Z. & LumiLEy, J. L. 1977 An experimental study of the decay of temperature
fluctuations in grid-generated turbulence. Submitted to J. Fluid Mech.

Wizris, G. E. & DeEasrpORFr, J. W. 1974 J. Aitmos. Sci. 31, 1297,

ZeMaN, 0. 1975 The dynamics of entrainment in the planetary boundary layer: a study in
turbulence modeling and parameterization. Ph.D. thesis, The Pennsylvania State
University.

ZEMaN, O. & LuMiey, J. L. 1976 J. Atmos. Sci. 33, 1974.



